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I. INTRODUCTION 

Kleinfeld [2] defined a class of nonassociative ring in which the associative law of multiplication has been weaked 
to the condition that (P(x), P(y), P(z)) = (x,y,z) . . . ( 1 ) 

for every permutation P of x, y and z. These rings are neither flexible nor power associative. But the associator and the 
commutator are in the nucleus of the ring. Suvarna and Jayalakshmi [3] have proved that prime assosymmetric ring is either 
associative or nucleus equals center. Using the results of Kleinfeld, Suvarna and Jayalakshmi we investigate the properties 
and the structures of prime assosymmetric rings and show that if R is prime and not assocative with an idemponent e and 
commutator contained in the nucleus than e is the identity element of R if and only if e e N = Z. Throughout this section R 
represents a nonassociative assosymmetric ring. We have nucleus N = {n e R / (n, R, R) = 0 = (R, n, R) = (R, R, n)} and the 
center C = { ce R/[c, R] = 0 } . A ring is said to be prime if for any two ideals A, B such that AB = 0 implies either A = 0 or B 
= 0. 



H. MAIN SECTION 

Lemma 1: Suppose R has a peirce decomposition with respect to an idempotent e. Then the submodules Ry, i, j = 0, 1 satisfy 
the following 

(i) R u Ru E R u + Rjt i+j. 

(ii) Ry R^ E R u + Ry + Rji, i+j. 

(iii) Ry R is E R„. i: j. 

(iv) R ii R jj QR ii + R u , i#. 

Proof: To prove (i) let x n , y u e R u then using (ex n = x n e = x n ) we have e(x n y n ) = - (e, x n y n ) + (e x n )y n = - (y n ,x n , e) 
+ x n y n = - (yu x n )e + y n x u + x u y u . 

Thus e(x n yn) + ( yu x n )e = x n yu + yn x n . ••■ (2) 

Assume that x n y n = r u + r {0 + r m + r m , y u x n = s n + s l0 + s m + Sgofor ry, Sy e Ry, then the identity (2) given r n + r l0 + s n 
+ s\o = ru + rio + r m + r 0 o + s n + s 10 + s m + s 00 . Therefore r 0 o = - Soo, r ol = 0 = s l0 (Ry = 0 = Rjj). Similarly by symmetry we 
obtain r w = 0 = s oi that is x u y n = r n + r 00 ,y n x u = s u - r 0Q . Hence r n r n E r n + %We see that r w + r 0 i E r u + r w + r m if 
-^io e r 10 , Joi £ r m . 

To prove (ii) and hence e(x l0 y ol ) = - (e, x l0 , y m ) + (e, x l0 ) y ol = - (y Ql , x IQ , e) + x l0 y 0l = - (y 0 \x l0 )e + y ol x lQ + xiojoi-Thus 
e(x w yoi) + ( yo\Xio)e = y m x w + x 10 y 0 i-That is e(x iQ y M ) + ( y m x w )e = x w y Ql + yoi^io-Thus x w y ol = r u + r l0 + r Ql + r m we have 
yoi-^io = in + *io + *oi + %)for Ry, Sjj, e Ry. Hence again from (2) we get r n + r lQ + s n + s 10 = r n + r m + r m + r m + s n + s m + 
soi + sqq. Therefore rn = - s u , r 00 = 0 = s 0 o- Now consider x 10 yoi = rn + r 10 + r 0 i and >'oiXi 0 = - r n + si 0 + ^oi-We see that 
R\qRo\ — Ru + ^10 + ^01- 

Consider x w e R w , y w e R i0 . Then e(x w y w ) = - (e, x l0 , y m ) + (e^i 0 )3'io = - (yio, x l0 , e) + x lo y w = - (y i0 xi 0 )e + y io x i0 + 
x l0 y 10 . Also e(x l0 y 0l ) + (yi^^e = y lt> x: l0 + x 10 y l0 , e(x 10 y l0 ) + (y\t)X W )e = xioyi 0 + yio^io- We see thatiioyio = r n + r 10 + r 01 + 
r 00 and y^w = s u + s IQ + s QI + i 0 o for r, :/ , sy e Ry. Hence from (2) r n + r, 0 + s n + s ol = r n + r l0 + r m + r 00 + *n + s w + s QI + 
s m and r 10 = - s oh r u = 0 = s u , r 00 = 0 = s 00 . But x w y l0 = r 01 + r 00 y l0 x l0 = s ol - r, 0 . Hence obtain RiqRio E R w + R ol i.e, RyRy 

ClRy+Rj, 

To prove (iv) considering RuRoo = RqqRu E R n + R 00 and x n e R n , y 0 o e Rqq we have 

e(x u yoo) = ~ (e, x n , yoo) + (ex u )yoo = ~ (yoo, x n , e) + x n ;yoo = - (yot^u)e + yotfu + x u yoo- Hence e(x n y m ) + ( yooXu)e = yotfCu 
+ x n yoo. That is e(x u y 00 ) + ( y 0Q x n )e = x n y 0Q + y^u- So x n y m = r u + r 10 + r 01 + r 00 and y^n = s n + s l0 + s ol + s 00 for r, 7 , 
Sy, g Ry. Also from (2) we see that r n + r 10 + + s ol = r n + r lQ + r m + r 0 o+*n + ^io + ^oi +■%> Therefore r 0 o = - soo, '"oi = 
0 = i 10 , r w = 0 = soi- Thus JCnjoo = Hi + r oo and yioXu = s qo~ '"oo- Hence we have RuRqq £ Ru + R 00 . ♦ 
Lemma 2: Suppose R has an idempotent e such that (e, e, R) = (0) = (e, R, e). If R has the property [R, R] E N then R has a 
peirce decomposition and Ry satisfy 

(i) RyRyQRii+ Rjj /••/ 

(ii) R ii Rj i =(0)=RyR ii i+j 

(iii) Ry Ry E Ry i+j 

(iv) Ry Rjj E Rn + Ry i:j 

Proof: To prove (i) let x n e R n , x 00 e R 00 
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Since x n = [e, x u ] e Nandx 0 o = [x 0 o,<?] e Nwe have 0 = (x lb y 0 o,<?) = (x n yoo)e - x n yoo and 0 = (e, y 00 , x n ) = - e (y 0 ^ u ). 
Or (x n y 00 )e = x 1L y 0 o and e(y 0 o*ii) = 0. Similarly e(x n y m ) = x 1L y 0 oand {y^x^e = 0. But e(x n y m ) = - (e, x n , y 00 ) + (ex n )y 00 = 
- (yoo, x n e) + x n yoo = - (yoox u )e + yoox n + x n y 00 . Hence <?(x u y 0 o) + (yooX\i)e = ymXn + Xny 0 o- That is x n y 0 o + 0 = x n y 0 o + 
yooxn- There fore we obtain yoo^n = 0. Hence we see that RnRn E R n + 7? 0 o 

To prove (ii) consider R n R Ql = (0) = RioRn- Let x u e R n and x m e /? 01 . Now x u = [e, x n ] eiV and x Q] = [x 01 , e] e N. Thus 0 
= (x n , y 0h e) = (x n ym)e - x u ym and 0 = (e, y m , x u ) = - e(y al x n ). Or (x n y oi )e = x n yoi and e(y 01 x n ) = 0. Similarly e(x u y 0 i) = 
xnyoi and {y m x u )e = 0. That is e(x n yoi) = - (<?, x u , yoi) + (ex n )y ol = - (y ol , x n e) + x n y ol = - (y 0i x n )e + yoiXn + x n y m . Thus 
e(xny 0 i) = 0 + y 01 x n + x n ym which is nothing but x n ym = yoiXu + x n yoi 
x n y 01 = 0. That is R n R<n = 0. ...(3) 

Now let Xio e R\o, x u e R u and Xio = [e, x 10 ] e N and x u = [in, e] e Af. Then we have 0 = (x ln , y ih e) = (x lQ y n )e -x lQ y n = 
(<?, y n , xio) = - e(>iiXio). Or (xioy n )e = Xi 0 yn and e(y n x w ) = 0. Similarly e(x 10 yn) = x w y u and (ynXi 0 )e = O.That is e(xi 0 y n ) 
= - (e, x w ,y n ) + (ex w )y n = - (yn, *io e) + x w y n = - (y u x w )e + y n x w + x 10 yn. Hence x 10 y n = - 0 + y n *io + x 10 y n that is 
y n x 10 = 0 which is nothing but /?n/?i 0 =(0) •••(4) 
From (3) & (4) = (0) = R u Rio- That is = (0) = /?„/?„, 

To prove (iii) consider RiqRiq E ^io and let x w e /? 10 , xi 0 e R l0 , x w = [e, x 10 ] e AT and Xi 0 = [xio, <?] e AT. Then we have 0 = 
(x 10 , y 10 , e) = (x 10 y l0 )e - x lo y 10 and 0 = (e, y 10 , x 10 ) = - efy^o). Or (xioy 10 )e = x^io and e(y 10 Xio) = 0. Similarly e(x 10 y 10 ) = 
x 10 y 10 and (yicX l0 )e = 0. So e(x 10 y n ) = -{y l0 x l0 )e + y 10 x l0 + x 10 yi 0 .That is x 10 yi 0 = - 0 + y l(y x: 1Q + x lQ y l0 . Hence y 10 x 10 = 0. That 
is R io Rio E which shows that E Ry. 

Now to prove (iv) we shall consider R\\Roo E R u + ^ooandxn e ^n, x 0 o e 7? 0 o- 

Since x n = [ex n ] e N and x 00 = [x 00 e] e N we have 0 = (x n , y^e) = {x n y m )e - x n y m and 0 = (ey m , x n ) = - e(y 0{ yx n ). Or 
(xnyoo) e = x n y 0 o and (y 00 x n )e = 0. Similarly e(x n y 00 ) = x u y 00 and (yoox n )e = 0. e(x n y 00 ) = - (y 0 (^n)e + yoo^n + x n y 0 o- That 
is Xnyoo = 0 + yooxn + xny 0 o- Hence xny 0 o = 0 which is nothing but i? E R ti + R u . ♦ 

Theorem 1: Let R be a prime ring with an idempotent e. If R is not associative then e is the identity element of R if and only 

ife e JV. 

Proof: Assume that eeJVsoeeZ. Consider the peirce decomposition R = Rll + R10 + R01 + R00 of R with respect to e. 
Since fliO = eflio = R w e = (0). We have R = R Ql e = eR m (0) and R = R n + R m . Also e e N implies that R n and 7? 0 o are 
ideals of R. And also since R is prime, e e /^y implies that R 00 = (0). Thus = R u and e is the identity element of R. 
Conversely, let e be the idempotent element, then ex = xe = x and see we have (e, x, y) = (ex)y - e(xy) = xy - xy = 0. That is 
(e, x, y) = 0 implies e e N. ♦ 

A careful inspection of the Lemma 2 and Theorem 1 in [3] shows that [R, N] can be replaced to by the weak condition [R, R] 
contained in the nucleus thus we have the following theorem 

Theorem 2: Let R be a prime ring such that [R, R] £ N Then either R is associative or N = Z. ♦ 
From Lemma 1 and Lemma 2, Theorem 1 and Theorem 2 we obtain the mainTheorem 

Main Theorem 3: If R is prime not associative with an idempotent e and [R, R] £ N then e is the identity element of R if and 
only if e e N = Z. 
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